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Tém tat
Chiing t6i nghién ctfu su khong ton tai nghiém duong ctia hé bat phuong trinh suy bién
—Gou > VP N N> _ N
{—Gav2u‘1 , (x,y) e R™ xR™ =R"Y,

v6i p,q € R va G, 1a toan tit Grushin. V&i N, = Ny + (1 + @)N; s6 chiéu thudn nhét ciia R tuong tng véi todn ti G,
chiing t6i thiét 1ap su khong ton tai nghiém duong cd dién cta hé trong cac truong hgp sau:

e p<0hoicqg <0,

e p,g>0vapg<l,

N 2p+l) g+l
° p,q>0,pq>lvamax{;f,—tl),;fi—tl)}zNa—Z.

Tir khéa: dinh ly Liouville; toan t& Grushin; nghiém trén

Abstract
We study the nonexistence of positive solutions to the degenerate elliptic system of inequalities
—Gou > VP N N N
, (x,y) e R xR™ =R",
{—G(,v > u? (x%.7)

where p, g € R and G, is the Grushin operator. Let N, = N| + (1 + @)N, be the homogeneous dimension of RY associated
with the operator G,. We establish the nonexistence of positive classical solutions of the system under the following cases:

e p<0org<0,
e p,g>0and pg <1,

2(p+l) 2(g+D)
e p,g>0,pg> landmax{m,m} >N, - 2.
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1. Mé dau

Trong bai bio nay, ching t6i nghién ctiu hé bt phuong trinh

—Gau > VP
LGZ>; . (6y) e RV xR = RY (1)

va bit phuong trinh tuong ting
—G,w>w', (x,y) e RV xRM, 2)

vOi Gou = Au + lez"Ayu la toan tt Grushin, A, va A, la cdc todn tif Laplace tudng ting véi céac bién
x € RM vay € R™. Ching t6i ludn gia thiét rang a > 0, hai sb mii p, g 1a cic sd thuc.

Khi @ = 0, G, 1a toan ti Laplace. Khi & > 0, G, 12 elliptic v6i |x] # 0 va suy bién trén da tap
{0} x R, Toan tif nay dugc dua ra trong [7] va da thu hiit sy quan tAm cla nhiéu nha toan hoc. D&
thiy ring G, thudc vao 16p todn ti dudi-elliptic dugc nghién ciu bdi Franchi va cong su trong [5].

Trong bai bdo nay, nghiém cua bai toan dudc xét 1a nghiém duong c¢6 dién. Ching t6i quan tim
dén su ton tai cia nghiém duong cd dién trong toan bo khong gian RY x R™>. Chiing t6i nhac lai mot
s6 két qua da biét vé dinh Iy Liouville cho bat phlIOng trinh (2). Tmbng hgp @ = 0 da dugc giai quyét
hoan toan trong [2, Pinh 1y 2.1], 6 d6 khoang tbi IIu cho su khong ton tai clia nghiém 12 —co < p < 25
(p € RnéuN < 2).Honnita,khia =0vap > &

N2

~3 bai toan (2) c6 nghiém duong & dang tudng minh

u(x,y) = k(1 + |x[* + |y~ M@=, .

Khi a > 0, D’Ambrosio va Lucente [4, Pinh ly 3.2] da st dung phuong phap ham thi dé thiét 1ap dinh
Iy R e

N, :=N; + (1 +a)N,
12 s6 chiéu thuan nhat. Két qué Liouville sau déy da duoc thiét lép ([4, Binh ly 3.2]).
Pinh ly 1.

VE dinh ly Liouville cho h¢ (l), trudng hdp a = 0 da dugc chiing minh bdi Armstrong va Sirakov
trong [2, Muc 6.2] bang 1i ludn nguyén li cuc dai. Mot cach 1o hon, ho da chi ra rang bai todn (1)
khong c6 nghiém duong néu (p, ¢) ndm trong cac mién sau:

e p<0hodcqg<0,
e p,g>0vapg<l,
e p.g>0,pg> lvamax{z(””) 2("“)}>N—2.

pg-1" pq-1

2p+1) 2(g+D)

) 2D} < N 2, bai todn (1) v6i @ = 0 6 nghi¢m duong

Ngoai ra, khi p,g > 0, pg > 1 va max{
dang
p+l +1
uCe,y) = (1 e+ ) ™ vy = (1 + )

Déi v6i hé (1) trong trudng hop tdng quat @ > 0, dinh 1y Liouville van con it dugc biét dén. Gan
day, cac tac gia trong [1] di st dung phuong phap ham thit d€ thiét 1ap dinh ly Liouville cho bai todn
(1) véi diéu kién
2p+1) 2(g+1)

pg—1" pg-1
Trong bai bao ny, ching tdi chitng minh sy khong ton tai nghiém véi cac diéu kién ctia p va g dugc
md rong hon. Két qua chinh ciia ching t6i 1a:

p,q>1vémax{ } N, - 2.
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DPinh Iy 2. Hé (1) khong cé nghiém duong cé dién trong cdc truong hop sau:
e p<0hodcq<0,

e p,g>0vapg<l,

2(p+1) 2<q+1>} N, 2.

e p,g>0, pq>1vamax{ 0T pag—T

Chiing minh ctia Pinh 1y 2 sit dung nhiéu cong cu khéc nhau tity thudc vao cip sé6 mii (p, g). Nhiéu
kho khin ndy sinh khi p < 1 hodic ¢ < 1 khi ta khong thé st dung phuong phap ham thii. Chiing t6i
dua ra phuong phdp méi d&€ quy vé bat phuong trinh va st dung két qué ctia Pinh ly 1. Trudng hop
khé nhét trong dinh 1y 13 khi p,g > 0, pg > 1 va max {21(721'1), %} = N, — 2 do phuong phap quy vé
bat phuong trinh khong thé sit dung dudc. Chiing tdi st dung ¥ tudng ctia Serrin va Zou trong [10] dé&
vudt qua kho khan nay.

2. Mot s6 bd dé b tro
Ta ki hiéu z = (x,y) 12 mot diém trong RN = RM x R, V = (V,,V,) va V¢ = (V,,|x[*V,). Chudn
cua z dudc xac dinh béi
el = (1P + (1 + )™
Khi d6, ham
Tz 20) = llz — zoll™ 4)
la nghiém cd ban cua G, véi ki di tai z, xem [6].
Hinh ciu md va mit cau tim z, ban kinh r 1an lugt dudc xac dinh bdi
B(zo, 1) ={z € RY; ||z = zllg < r}
va
88B(z0,1) = {z € RV;llz — ollg = 1}

Khi zy = 0, ta viét B, va 08,.
Ta ki hi€éu ham trong

| |2(1
W(2) := — = [Va(llzllo). &)
llzll
Chi y ring
0< W) <1vaWw@,y) =0,W(x0)=1.
bat

1B, = / W(2)dz,
5,
Bing cich st dung hé toa do cuc [3, 11], ton tai hang s6 Cy,, > 0 phu thudc vio N, va a sao cho
|Br| = CN,a/rNa- (6)

Ngoai ra, cong thiic ddng dién (xem [6, Cong thiic 2.4]) cho ta thiy

W(2)
B,.| = W(z)d d
Bl = [, Wz = / S/63|V<||z||G>|
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v6i dHy_, 1a 46 do Hausdorff (N — 1) chiéu trong R. Ki hiéu

d W(z) No—1
08,| := —|B,| :/ ——_dHy_; = CyoNr .
dr og, V() Y

St dung y tudng ctia Garofalo va Lanconelli [6], ta c6 thé dinh nghia ham trung binh cu ctia V € C(R)

nhu sau: W
V() ()

T 108 Jus VARll)]

Chi y ring khi @ = 0, cdng thic trén chinh 13 cong thic trung binh ciu quen thudc trén hinh cu
Euclide.

Ménh dé 2.1. Gid sit V € C2(RN). Khi dé véi méi r > 0 ta cé

V(r)

dHy_,, forr > 0. (7)

V(r) = V(0) + &N, @) / GoV(@) (T2 0) - ™) dz, 8)
B,

voi N (Ny, @) = CyoNy(Ny — 2), Cyo va I(z,0) dugc cho trong (6) va (4).
Chitng minh. V&i mdi & > 0 di nhd, st dung cong thiic tich phan tiing phan ta c6

- / (GoV(I'(z,0) = V(2)G.I'(z,0)) dz
B,\B.
= / (V. + PV V(@I(2 0) = V)V, + [ V,)T(2, 0)) vdHy-1, 9)
A(B\B;)

v6i v véc td phdp tuyén don vi ngoai ciia 9(B, \ B,).
Nhic lai ring I'(z, 0) = |||, Ta xét s hang thit nhit & vé phai ctia (9)

/ (Vx + |x|zavy)V(Z)F(Z, O).VdHN_l
A(B:\8Bs)

= [ (V. + IV )V(@I(z,0).vdHy_; + / (Vy + [xP*V,)V(2)T(z, 0).vdHy_
98, 08,

(10)
=N [ (Vo + xPV)V(@)vdHy- + &7 | (V. + 12> V)V(2).vdHy-,
08B, 08B,
= —pF e / G, V()dz + & / G, V(2)dz,
B, B
trong d6 & dang thic cudi, ta sit dung cong thic tich phan tling phan va v = |VV(”§H2)| on 08, va
v = —=ite on §B,. Mit khic, bing tinh todn va (5) ta ¢6
Vllzlle 1-n, Ve (llzlle)?
(Ve + X7V, 0). == = (2 = Nllallg ==
g IV(llzllo)I ¢ IV(lzlle)l
_ W(z)
= (2 - No)llllg™ : (11)
VAN
Thay (11) vao sb hang thif hai trong (9) ta dudgc
/ V(@)(Vx + [x**V)I(z,0).vdHy_; =
(B\By) (12)
_ W(z) 1-N, W(2)
(2 = Ny)r'™Ne / V(2) dHy_; — (2 = Np)&' ™M« V(z)——2—dHy_;.
os V() om V(o
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Thay (10) va (12) vao trong (9) va st dung I'(z, 0) la nghiém co ban cua G, ta dugc

- / G.V()I(z,0)dz = —r*Ne / G, V()dz + &Ne / G,V(2)dz
B\B; B, B, (13)

_ W(z) 1-N, W(z)
+ (2 = Nyt / V(z2)———2—dHy_, — (2 - N,)e V( V————"—dHy_
Vil IV(llzllo)|
Nhic lai ring |08, = CyoN,r~'. Cho & — 0% & (13), ta cé
- / G, V(@I (z,0)dz = —r* e / G, V(z)dz
B, B,
1 W(z)
e ,w<Na—2)Na(— / Vo g —vo)]. a4
N 08,1 Jas, IVl
Cubi cing, tr (14) va (7) ta suy ra (8).
Meénh dé 2.2. Gid sit V € CX(RY). Khi dé véi r > 0 ta c6
- 1
eV (r) = / G, V(z2)dz. 15
(r) Crvale ) (2)dz (15)
Chitng minh. St dung cong thiic dong dién ta c6
/ GoV(2) (T(z.0) = » ™) dz
G V(z) 2-N
I'(z,0) — r" ") dHy_1ds.
/ /aB |V(||Z||G)| )dH-
Két hop véi (8) ta ¢
Ev4 ~ G, V(2) 2-N
V (r) =¢(N,, @) I'(z,0) — r“ ") dHy_
o5, 1V(l1zllo)| ( )dH-
G V(z) 1N
+c(Na,a/)/ / ( N, —2)r " )dHy_1ds
a5, 1V(I1Zll6)| )dHn-y
GV(@) Y
=¢(N,, a)(N, —2)/ / *dHy_1ds,
o, V() N

2—Ngy

trong d6 & dang thic cudi cung, ta sit dung I'(z,0) = ||z||2 Now = p trén 68,. Ap dung cong thiic

dong dién ta c6
V' (1) = & Ng» @)(Ny — 2)r' e / G,V (2)dz.
B,

Cudi cung, tif &N, @)(N, —2) = ta suy ra diéu phai ching minh.

CN’

3. Ching minh Pinh ly 2

Chii y rang khi p = 0 hoiic ¢ = 0, hé (1) khong c6 nghiém duong cd dién (xem Pinh Iy 1). K& tit
day, ta ludn gia thiét p # 0 va g # 0. Khong mét tinh tong quat, gia st ring

p=q.
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Truong hop 1: p, g < 0. Gia st (u, v) la nghiém duong cua (1).
batw=u+v,taco
—Go,(w) > uf +11. (16)

biat s = |%| > 0. Tiép theo ta chi ra ring

u? +v1 >

,C>0. 17
u+v)s ~ ("

That vay, tit bit dang thiic Young ta c6

1 1
< :
u+v)y — 2uv):

sm s(m)

< C(M_T + v—zon—n), (18)

v6im = 'p +q' > 1. Dé thiy ring

sm rq Ip+4l sm
— =|——|———=1Ipl=-pand
2 p+q 2(m -

7 = |q| = —q.

Két hop véi (18) ta suy ra (17).
Tu (16) va (17), w 1a nghiém duong c6 dién cia

-G,(w) = Cw™.
Diéu ny trai v6i Pinh 1y 1.
Trudng hop 2: Néu p va g théa man mot trong cac diéu kién
1. g<0<p.

2. p,g>0vapg<l1.

3. p.g>0,pg>1va max(z(p“) 2(‘“1)) N, —2.

q-1 > pg-1

Diatw = uv’ v6ia,b > 0 vaa + b = 1. Tinh todn truc tiép ta c6

—-Gow > —au”'Gou — WG,y

+a(l = a)|\VeulPu® " + b(1 = b)|Vev V' 2u® = 2abVu.Vgvu® "WV, (19)

St dung bét dang thiic Young cho vé phai ctia (19) va st dung (1 — a)(1 — b) = ab ta c6

VP u?
—Gow > —au* 'Gou — V7G> au® WP + vt = utb (a— +b— ) (20)
u v

Tir bat dang thiic Young suy ra

1 m—1

vp uq vp m uq m
a—+b— > C( ) (—) ,m > 1 dudc chon nhu bén dudi. 21)
u % u v
Tur (20) va (21) ta co 1
—Gow = Cu® w5yt (22)

Ta chon hang s6 m sao cho
CI

3
§|~= E|

SR

a — l
m
m—
b m
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Khi do
ap+b

. 23
bg+a 23)

m=1+

Chu y rang m > 1 khi p va ¢ thda man (ii) va (iii). Néu p va g thdéa man (i), ta chi can chon a, b sao
cho bg + a > 0 d€ ddm bao m > 1.
Thay (23) vao trong (22), ta c6

—G,w > Cw'* @i (24)
Néu p va ¢ thoéa man (i) hoic (ii), s6 mi 1 + #@lqm sé nhé hon 1. Trong trudng hop (iii), ta chon
a, b sao cho
pq—1 < N

TaprDAbgr ) S No-2
Do d6, (24) mau thuan v6i Dinh 1y 1.
Truong hop 3: p,g > 0va pg = 1.
Ta Ii luan tuong tu trudng hop thit hai, nhung uée lugng (21) dudc thay thé bang

1 1 .
Vp uq V‘D u; VP p+l uq p+l1
a—+b—:a—+b—ZC(—) (—) =C.
u y u V u y
Két hop véi (20) ta c6
-Gw = Cw.

Diéu nay mau thuin véi Pinh 1y 1.

Truong hep 4: p,g > 0, pg > 1 va max (% %) =N, -2.

Bing cich st dung phuong phap ham thi, ta dé dang suy ra diéu phai chiing minh khi p va ¢ thoa
man thém diéu kién p, g > 1.

Do d6 ta c6 thé gid thiét 0 < ¢ < 1 < p. Khi d6

(2(p +1) 2(g+ 1)) 2(p+1)
ax = =

’ - N(Y - 2'
pg—1 " pg-1 pg—1
Gia st rang (u, v) 1a nghiém duong cd dién cta (1). P& chiing minh mau thuén, ta can bé dé sau:

B6 dé 3.1. Gid sit y € CX(RN). Vi bdt ki 0 <y < 1, ta luén c6 hang sé ¢ = c(y) > 0 sao cho
Voulu’y*dz < C/ VoxPuwdz (25)
RV RN
Chitng minh. Ti bat phuong trinh thi nhit ctia (1) ta c6
—Gou > 0.
Nhan v6i u”~'y? va iy tich phan trén R" ta c6
(1-7v) / YIVoulu’2dz -2 / ' 'VeuVeydz < 0.
RV RV

Khi do,

/ VAV a2z < '~ Voull Veyldz
RN

(I =) Jry

1
2 2 2
/ X \Voul*w=dz / \VoxlPudz| .
(I =) \Jgrw RN

Riit gon wéc lugng trén ta c6 diéu phéi chiing minh cho B& dé 3.1

<
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Quay lai v6i chitng minh Dinh ly 2, dit w = u® v6i 0 < a < 1. Tinh todn truc tiép ta co,
—Gow = —aGouu®™' — a(a — D|Veulu'™? > auv = aw‘a VP, (26)

Liy y € C*(R";[0,1]) 1a ham théa man y = 1 trén B, va y = 0 ngoai B,. Dit ¢(x) = y"(x), véi
m > 0 s& dugc chon sau. Khi do, ton tai hang s6 C > 0 sao cho

Vool _
¢

IGod| < C¢" and <Co'. 27)

bit
X )y
80 =6 (5, ).
Nhan (26) véi ¢, va lﬁy tich phan trén 8B,, ta co6

1 P w2 \'7P
= w|G¢,|dz > C/ wa V,dz > C(/ vgbrdz) (/ Wit 1>¢ 2dz) , (28)
r By, BZr By Bzr

& d6 ta da st dung bat dang thic Holder va 0 < ¢, < 1 trong uéc lugng cudi ciing. Chon a = 5»taco

1 P w2 \'7P
- w|Go¢,|dz > C ( / v¢,dz) ( / weo," dz) .
r Bzr BZr BZ}'

Két hop véi (27) ta suy ra
1
= [ weTazc [ v 29)
B2r

r » By
m+2

Miit khdc, nhan bat phuong trinh thif hai ctia (1) v6i ¢,” va ldy tich phan trén B,,, ta dudc

1 1 m+,
— v$,dz =2 C— V|G, ldz > C / u"qﬁ,’”zdz. (30)
I

2
r BZV BZr BZV

Tut bt déng thitc Holder suy ra

n— 2 P4 (m=2)pq
(/ up¢r ) < C}’N“(pq_l)/ uq¢r " dz (31)
Bzr BZV

Chon = 2)” 2P = 242 hay m 2(” q+1) , vé phai cia (31) bang

m=2
CrN"(M_l)/ ulg," dz.
BZr

Két hop véi (29), (30) va (31) ta co

1 2(p+1)
/ urdz < / upgb m dZ < Cr SR (32)
Br BZr

v6i C khong phu thudce vao r.
Tiép theo ta st dung phuong phap lip dé ting sd mii trong (32) it % 1én 1. Ap dung bit dang thiic
Sobolev (xem [9, 8]), ta co

. 1
W, — <C / Vo ¢,)dz withy = —. (33)
By 2p

LN~ (By,)
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Ngoai ra, st dung bat dang thiic Young va (25), ta dudc

1
/ |VG(My¢r)|2dZSC( / IVou)Pgrdz + / szchaﬁr)lzdz)
Bzr BZr r BZr

C C C
< —2/ W \Vep)dz < = | u?dz = —/ urdsz.
r BZ;‘ r BZr

2
B2r r

Diéu nay két hop vé6i (32), (33) ta co

5 2ptD)
||uy¢r”2 2Ng < crie e .
LN"72 (B2r)
Suy ra,
_~_2ptDh
11 oy < P 2, < Ve
LNa~2(B,) LNa=2(By,)
va do do
Na N, — 2(p+1)No
Ur®e2dz < Cr'® wa-DHVa-2)
B,
Véi k 12 s6 nguyén duong sao cho
k-1 k
N(l < 1 < N(l/
p(Na - 2)k_1 p(Na - 2)k
Lap lai i luan trén k 1an ta co
NK No— 2>p+DNK
/ ure-2kdz < Cr " (a-DWNa-2F
B,
Suy ra,
Noe 2p+1NK
/ udz < Cr @ (a-bHva-2k
B,
DE y ring 222D = N, — 2, ta thu dug
€ yrang = = = N, — 2, ta thu dugc
N _Nig
/ udz < Cr* wa-2k1, (34)
B,
A 2. o CA A N Nk DN N A X 4
Cho r — +oc0, ve phai cua (34) tien dén 0 vi N, — oo < 0. bi€u nay mau thuan véi u > 0.
(3

Tai liéu tham khao
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