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Tém tat
Chiing t6i nghién ctiu sy khong ton tai nghiém duong ctia bit phuong trinh elliptic suy bién —G,u > u” trong khong gian
RM x RM véi
No
Ny -2
o} day N, = Ny + (1 + @)N, 1a sb chiéu thuin nhét ctia R tuong tng véi todn ti Grushin G,,.

-0 < p<

Tir khoa: dinh 1i kiéu Liouville; ton t& Grushin; nghiém trén.

Abstract

We study the nonexistence of positive solutions to the degenerate elliptic inequality —G,u > u” in RV x R provided

a

—oo<p§—N 5
[0

Here N, = N; + (1 + @)N, is the homogeneous dimension of R" associated to the Grushin operator G,.

Keywords: Liouville-type theorem; Grushin operator; supersolutions.

1. Phat biéu bai toin
Trong bai bdo nay ching tdi nghién cifu bat phuong trinh:
—Gouzu’, (x,y) € RM xR™, (1)

trong d6 Gou = Au + |x**A,u 1a todn t& Grushin, A, va A, 1a cic toan tit Laplace tudng dng véi
x € RM vay e R™. Ching t6i ludn gia thiét ring o > 0 va p 1a mot sb thuc.
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Khi @ = 0, G, trd thanh toan ti Laplace. Khi a > 0, G, 1a toan t elliptic khi |x| # O va Ia toan tu
suy bién trén tap {0} x R, Todn ti nay da dugc dua ra trong [7, 2] va da thu hit su chd y cta nhiéu
nha todn hoc. Trong bai bdo nay, chiing t6i nghién cifu sy khong ton tai ctia nghiém duong c6 dién
trong khong gian RV x R, Chiing t6i tdng két mot sd két qua gan day vé dinh 1i kiéu Liouville cho
bai toan (1).

Trudng hop @ = 0 da dudc gidi quyét hoan thién trong [1, Dinh 1i 2.1], & d6 diéu kién t6i uu vé s6
mil p cho su khong ton tai nghiém duong 12 —co < p < % (p € Rnéu N < 2). Hon nita, khi @ = 0
vap > %, bat phuong trinh (1) c6 nghiém duong

u(x,y) = k(1 + |x* + [y, 2)

Khi @ > 0, D’Ambrosio va Lucente [5, Dinh 1i 3.2] st dung phuong phdp ham tht dé thiét 1ap dinh li

ki€u Liouville cho bai todn (1) v6i diéu kién 1 < p < NNfZ, 6 do

N, =N+ (1 +a)N,

12 s6 chiéu thuan nhit tuong tGng véi toan ti G,. Pinh li kiéu Liouville cho p < 1 van chua dudc
chitng minh. Trong bai bao nay, chiing toi dua ra mot cach tiép cin mdi dé chiing minh dinh 1i kiéu
Liouville khi p < 1. Két qué chinh ctia chiing toi Ia:

Pinh li 1. Gid sit —0 < p <

N]Zfz. Khi do bai todn (1) khéng cé nghiém duong cd dién.

Khong giéng nhu trudng hdp p > 1 khi ma cic chiing minh st dung phuong phap ham tht, trudng
hop p < 1 phiic tap hon nhiéu. Bit dang thic Holder — mot cong cu chinh ctia phuong phap ham thi
— sé khong thé dugc 4p dung khi p < 1. Bén canh d6, phucong phép st dung phuong trinh vi phan ctia
Serrin-Zou [9] hoidc nguyén li cuc dai Armstrong-Sirakov [1] dudng nhu khong thé dp dung dudc bdi
vi tinh suy bién ciia todn tt Grushin. Chiing ta s& khong c¢6 ham cau c¢6 dién nhu & trong [9] va diéu
ndy gy ra rat nhiéu khé khin trong ching minh dinh Ii ki€u Liouville. D€ vuot qua dudc cac khé
khin trén, chiing t6i st dung khodng céch Grushin va cong thiic trung binh cau dic trung cho ton ti
Grushin nhu 6 trong Garofalo-Lanconelli [6].

Tinh t6i uu ctia diéu kién p trong Pinh 1i 1 vin chua dudc gidi quyét, tic 1a cAu hoi vé su ton tai
nghiém duong cla bai toan (1) khi p > 2= vin con d€ ngd. Cho dén nay, chi trudng hop dic biét

No—2
_ N 2. % N N SN A X -z Lt N . _
a = 01a dugc gl?.l quyet hoan toan, khi ma nghiém duong ton tai c6 dang (2) v6i p > - Khia =1,
nghiém duong ton tai trong trudng hop p > %—3 dudi dang

-1/(p-1)
u(x,y) = k(1 + [x%)? + 4ly7)

2

xem [5, Nhan xét 3.2 | (xem thém [10]).

2. Chitng minh két qua chinh
Ki hiéu z = (x,y) 1a mot di€ém trong RY = RM x R™, V = (V,, Vy) va Vg = (V,, [x|*V)). Chuin
cua z dugc xac dinh bédi
lello = (P + (1 +a)b?) ™.
Ham
T(z,20) = llz — zoll5; ™ 3)

la nghi€ém cd ban cua G,, véi ki di tai zy, xem [6].
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Hinh ciu md va mit cau ban kinh r véi tim z, dudc xac dinh nhu sau:
B(z0,1) =z € RY; llz = 2olle < 7}

va
0B(z0,7) = {z € RY; ||z = zollg = 1}
Trong trudng hop zo = 0, ta viét B, va 4B,. Ham trong

| |20

= = Ve (lzllo)P 4)
e e

W(2):

thda man
0<W() <1vaW(@,y) =0,W(x,0)=1.

V6i ham trong W nhu trén, ta dat
|B,| = / W(z)dz.
By
Bing cach st dung hé toa do cuc nhu & [4, 11], ton tai hing sb Cy, > 0 phu thudc vao N, va « sao

cho
|Br| = CN,a/rNa' (5)

Cong thic dong khu ([6, Cong thiic 2.4]) cho thiy ring

! W(z)
|Br|=/WZdZ=/dS ———dHpy_;,
B, © 0 o8, IV(lzlle)] Nt

trong d6 dHy_; 1a d6 do Hausdorff (N — 1) chiéu trong R". Do d6 ta c6

d W(z) -1
108, := —|B,]| :/ ———dHy_| = CyoNy" .
dr og, V() N

Cong thiic nay két hop véi cac két qué ctia Garofalo va Lanconelli [6] cho phép ta dinh nghia trung
binh cau ctia ham V € C(R) béi

V() W(z)

Vi) = @) _
=181 |5 OVl

dHy_y, v6ir > 0. (6)

Ta ¢ bd dé sau (xem [6]).

Ménh dé 2.1. Gid sit V € C2(RY). Khi d6 véi moi r > 0 ta cé

PV () = | Govo )
B,

N,aiVa

Sau day ta s€ chiing minh Pinh 1i 1.

Chitng minh Dinh Ii 1. Ki hiéu C 12 hing s6 duong khong phu thudc r. Dua vao cic két qua trong
[3], ta chi can ching minh Pinh 1i 1 cho p < 1.

Ta chiing minh bang phan chiing. Gia st « 12 nghiém khong am khong tim thuong ctia (1). Bing
cach dich chuyén gbc toa do, ta c6 thé gia st u(0) > 0.

Truong hop 1: p = 1.
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Bit dang thifc (1) va W < 1 din dén

—/ Gaudzz/ udzZ/ uWdz
B, r r

= CnoNy / u(s)s" ds (8)
0
Két hop véi tinh chit khong ting clia u va Ménh dé 2.1 ta ¢
—Nor™ U (r) = u(ryr™, ©)
do do -
w(r) < ——u(r). 10
w(r) < —-u(r) (10)

a

Ap dung bit dang thiic Gronwall, ta cé
7(r) < u(0)e Hs, véi moi r > 0, a1
Miit khdc, st dung nguyén 1i cuc dai (xem [8]) va li luan trong [9, BS dé 2.1], ta thu dudc
u(z) > CI(z,0) = Cllzlig™ véi llzllg > 1. (12)

Ta suy ra
u(r) > Cr*™Ne, (13)
Tir (11) va (13), ta ¢6
CriNe < u(0)e .

Diéu nay dan dén mau thuan khi r — +oo.

Truong hop 2: 0 < p < 1.

Détuzv”véiaz#Zl.Tacé

V7P < —Gou = —0Gw7 ! — (0 — 1)V v 2
< -G WP
Do do,
< =Gyv. (14)

Chon ¢ € C2(RY) sao cho
supp C By N{z = (x, )yl > [x**}va [ ¢2)dz > 0.
By

Ta dé thﬁy rﬁng W(z) > const > 0 trén tap {z = (x,y); [yl > |x'*?}. Nhan (14) véi ¢,.(z) := o, rl{a) va
14y tich phan trén B,, ta c6

/ ¢,(2)dz < —o / Govo.(2)dz
3, 3,

o
= 2(la) /B, VIGo,(2)ldz

C
S—z/ vWdz, (15)
r Jg,
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trong d6 & bat dang thic cudi cling, ta st dung W(z) > const > 0 trén tip gid clia ¢,.
Tu f& #(z)dz > 0, ta co

/ ¢.(2)dz =™ | $(2)dz = Cre. (16)
B, By
Hon ntta, do v khong tang nén
4 0
/ vWdz = / V(s)sVlds < YO x, (17)
B, 0 Na
Tur (15),(16) va (17) ta suy ra
0<Cc< 12
r

Cho r tién ra vo cuc ta c6 diéu mau thuan.
Truong hop 3: p < 0. Gia st u 1a nghiém duong cua (1). Pat v = u”, khi d6 (1) trd thanh

—Gau > v.

Tru6c hét ta chitng minh G,v > 0 d€ ciing v6i Ménh dé 2.1 din dén v khong gidm. That vay, bang tinh
todn truc tiép ta c6
Gov = Go(u”) = p(Gauu”™" + p(p = DIVulu™>.
Cho nén G,v la tong cia 2 sd hang khong 4m vi pGou > (—p)v > 0. Nhic lai rang p < 0.
St dung tinh khong giam cia v va li luan nhu & (8), (11) va (13), ta c6

u'(r) < _nO) r.
Do dé, véi moi r > 0,
_ v(0) ,
< - —2
u(r) < u(0) 2Nar

Diéu nay mau thuin vé6i u > 0. Pinh li dudc chiing minh.
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